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Abstract 

It is shown how sums of squares of real valued functions can be 
used to give new proofs of the reality of the zeros of the Bessel func- 
tions Ja{z) when a > — 1, confluent hyper geometric functions o-^i(c; z) 
when c>OorO>c> —1, Laguerre polynomials L'^{z) when a > —2, 
and Jacobi polynomials Pjl"''^^(z) when a > —1 and (3 > —1. Besides 
yielding new inequalities for \F{z)\'^, where F{z) is one of these func- 
tions, the derived identities lead to inequalities for d\F{z)\'^ /dy and 
c?^|-F(z)P/9y^, which also give new proofs of the reality of the zeros. 

1 Introduction 

In a 1975 survey paper [|ll| on positivity and special functions it was shown 



how sums of squares of special functions could be used to prove the nonneg- 
ativity of the Fejer kernel, the positivity of integrals of Bessel functions [|10] 



and of the Cotes' numbers for some Jacobi abscissas, a Turan type inequality 
for Bessel functions, the Askey-Gasper inequality (cf. ||l|, [0, jTSl , 

n 

(1.1) Y.Pt''\^)>^^ «>-2, -l<x<h 

k=0 
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which de Branges employed to complete his proof of the Bieberbach con- 
jecture, and to prove the more general inequalities lir 



•12) f (A+lV.(A + l)„-.Pr'W 



fc=0 



when < A < a + /? and /5 > —1/2. It was also pointed out in 0] that, 
since one of Jensen's necessary and sufficient conditions for the Riemann 
Hypothesis to hold (given in Polya [0]) is the condition that 

(1.3) 

/OO POO 
/ $(s)<l>(t)e*("+*)^Xs - tf'dsdt > 0, -OO < x < OO, 
-OO J~OQ 

for = 0, 1, 2, 3, . . . , where 

OO 

(1.4) $(t) = 2 £(2A;V2e^*/2 - 3k\e''/^)e-'"^'"\ 

k=l 

and the above integral is a square when n = 0, the method of sums of squares 
is suggested for proving (1.3). 

Another of Jensen's necessary and sufficient conditions for the Riemann 
Hypothesis to hold is that 

(1.5) 

/OO roo 
/ <l>(s)<l>(t)e'(*+*)"e(^-*)^(s - t)^dsdt > 0, -oo < x, y < oo. 



which can also be written in the equivalent form 
dy 



^2 

1.6) 7— |S(x + 2?/)p > 0, — oo<x,?/<oo. 



with 



/OO /"OO 
$(t) exp{tzt)dt = 2 / ^{t) cos{zt)dt. 
-00 Jo 

That (1.6) is a sufficient condition for the Riemann S(z) function to have only 
real zeros follows directly from observation that, since |S(x + iy)\'^ = S(a; + 
iy)'E.{x — iy) is a nonnegative even function of y, (1.6) implies that |S(x + ??/)p 
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is a nonnegative even convex function of y with its unique minimum at y = 0, 
and hence 'E{x + iy) ^ whenever y ^ 0. If the function ^{t) in (1.3) and 
(1.5) is replaced by a function \&(t) such that the conditions stated in []T^ 
§1], are satisfied, then, by [|19|, pp. 17, 18], the inequahties in (1.3) and (1.5) 



are necessary and sufficient conditions for the Fourier (or cosine) transform 
of \l/(t) to have only real zeros. In 1913 Jensen proved that each of the 
inequahties 

(1.8) 

d d'^ 
y—\F{x + iy)\^>0, —\F{x + iy)\^>0, -cx)<x,y<oo, 

is necessary and sufficient for a real entire function F{z) ^0 of genus or 1 



(cf. Boas 1^, Chapter 2]) to have only real zeros. Also see Titchmarsh 
and Varga Chapter 3]. 

In view of these observations and the successes of the sums of squares 
method (also see IQ, [|l^. Chapter 8]), since the early 1970's I have been 



investigating how squares of real valued functions can be used to prove that 
certain entire functions have only real zeros and to prove inequalities of the 
form in (1.8). In this paper I demonstrate how certain series expansions 
in sums of squares of special functions give new proofs of the reality of the 
zeros of the Bessel functions Ja{z) when a > —1, confluent hypergeometric 
functions oFi{c; z) when c>OorO>c>— 1, Laguerre polynomials L^{z) 
when a > —2, and Jacobi polynomials P^f'^^^z) when a > — 1 and P > — 1. 
Here, as elsewhere, z = x + iy is a complex variable and x and y are real 
variables. For the definitions of these functions and their properties, see 
Erdelyi and Szego p^j. In addition, it will be shown that besides yielding 
new inequalities for |F(z)p, where F{z) is one of these functions, the derived 
identities lead to inequalities for dlF^z)]"^ /dy and d'^\F{z)\'^ /dy"^ , which also 
give new proofs of the reality of the zeros. 



2 Initial observations 

In order to see how easily sums of squares can be used to prove that all of 
the zeros of sinz and cos 2; are real, it suffices to observe that we have the 
(easily verified) identities 

(2.1) I sin = sin^ a; + sinh^ 
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(2.2) I cos2;|^ = cos^a; + sinh^y 

and to note that sinhy = (e^ — e~^)/2 > when y > 0, and sinhy < when 
?/<0. 

One can also take partial derivatives of the identities in (2.1) and (2.2) 
with respect to y to obtain 

d d 

(2.3) — I sin2;P = — I coszP = sinh2y 

dy ay 

which shows that |sin2;p and |cos2;p are increasing (decreasing) functions 
of y when y > (y < 0), and to obtain 



(2.4) 



^2 Q2 

— -^1 sin2;|^ = — -jl cos2;|^ = 2cosh2|/ = 2(cosh^|/ + sinh^T/) > 2, 



which shows that | sinzp and jcosz^ are convex functions of y. Then, be- 
cause I sinzp and | cos2;p are nonnegative even functions of y, it immediately 
follows from (2.3) and (2.4) that sin 2; and cos 2; have only real zeros. 

Observe that the reality of the zeros of sin z and cos z also follows from 
the inequalities 

(2.5) I sin^l^ > sin^x, | cos^|^ > cos^ x, (y 7^ 0) 

(2.6) I sin^l^ > sinh^y, | cos2;|^ > sinh^ 



d d 
(2.7) y— I sin^l^ = I/— I cos^l^ > 2y^, 



dy dy 



92 Q2 

(2.8) — -I sinzP = 7— I cos2;P > 2cosh^y 



92 92 

(2.9) — Isinzl^ = — Icos^P > 2 + 2sinh2y 

ay^ ay'' 

which are consequences of (2.1)-(2.4). 



4 



3 Bessel functions and oFi(c] z) functions 

Since the identities and inequalities in §2 give the reahty of the zeros of the 
Bessel functions (1.71.2)] 

2 1 2 1 

(3.1) J_i(-2) = ( — )2cosz, Ji{z) = { — )2smz, 

^ nz '2 Tcz 

this suggests that it should be possible to use sums of squares to prove 
Lommel's theorem (see Watson ||2^, p. 482]) that all of the zeros of the 
Bessel function g, 7.2(3)] 

(3.2) Uz) = oFr{a + 1; -z'/A) 

i (« + 1) 

are real when a > — 1. With this aim in mind and in order to work with 
entire functions, we set 

(3.3) Mz) = z-'^J^^z) = ° oFiia + 1; -z^A), 

T{a + 1) 



which is an even entire function of z such that J'a{z) = Ja{z) when a is real. 
Let a > — 1. Then, from the product formula (37) in Carlitz 



k=0 



k\{2a + l)kT{a + l) 



To express each of the Bessel functions on the right side of (3.4) as a sum 
of squares of real valued Bessel functions observe that from the addition 
theorem for Bessel functions 7.15(30)] we have the expansion 



(3.5) 



X+.(2x) = 2'=+"r(A; + a) £ ^ ^ ^ "^^^ + (-l)^a:^^(X+,>.(x))^. 

Hence, substituting (3.5) into (3.4) and changing the order of summation we 
find that 

(3.6) ix(^)p = i:^^^^^n^(-ir^'" 

X 2Fi{-n, n + 2a; 2a + 1; 1 + / x^){Jo,+n{x)f ■ 
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Now apply the Euler transformation formula 2.9(3)] 

(3.7) 2Fi{a, b; c; z) = {1 - z)-\Fi{a, c-b;c; z/{z - 1)) 

to the above 2-^1 series to obtain the desired sum of squares expansion formula 

(3.8) \J<.{z)f = iMx)y + 2(a + l)y2(X+i(x))2 

^ {2n + 2a){2a + l)n-i 

X 2Fi{-n, 1 - 2a + 1; 1 + y^) {J^+n{x)Y . 



When n > 2,a > —1 and y 7^ 0, the positivity of the coefficients of 
{J'a+n{x)Y in (3.8) follows from 

(3.9) (2a + 1) 2Fi{~n, 1 - n; 2a + 1; 1 + x^/y^) = {2a + 1 + - n) 

+ n{n - l)x'/y' + ± ^^^^^W^^^ + ^'/^')' > 

Hence, since the real zeros of Ja{,x) and Ja+i{x) are interlaced, (3.8) gives 
a sum of squares proof that the entire functions Ja{,z), and thus the Bessel 
functions Ja{z)i have only real zeros when a > —1. Letting a — > — 1 it 
follows that the Bessel function J-i{z) = limc^^i J7q,(z) = —Jli{z) has only 
real zeros. 

Notice that the inequality 

(3.10) 

\Ja{z)\^ > {Mx)f + 2(a + l){yj^+i{x)f > 0, y ^ 0, a > -1, 

and in fact infinitely many inequalities follow from (3.8) by just dropping 
terms from the right side of (3.8). Analogous to (2.7)-(2.9), it follows by 
differentiating equation (3.6) with respect to y and applying (3.7) that we 
also have the identities 

(3.11) 4ixwr^vE "'^°^^!"°^"" y- 

oy n=o 

X 2i^i(-n, -n- 2a + 2; 1 + x^ / y^){J^+n+i{x)f 
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and 

(3.12) ^ 4|i!i±^±f^/» 

X 2Fi{-n, -n- 2a + 2; 1 + / y'^){J^+n+i{x)) 



~ (n + a + 2)(2a + 3)„+i 

+ % i y 



2n 



n=0 ^■ 



X 2Fi{-n, -n - 1; 2a + 3; 1 + xyy'){Ja+n+2{x))^ 
which give infinitely many inequahties, such as, e.g., 

(3.13) y|-|JaWr >4(a + l)(yJ',+i(x))2 > 0, a>-l, 

oy 

(3.14) ^|Ja(^)r >4(a + l)(J-«+i(x))' >0, a>-l, 

each of which proves that Ja{z) has only real zeros when a > — 1. 

In view of (3.3) the reality of the zeros of Ja{z) when a > — 1 is equivalent 
to the statement that all of the zeros of the confiuent hypergeometric function 
qFi{c\z) are real and negative when c > 0. However, it is known |17| that 



the zeros of o-Fi(c; z) are also real (but not necessarily negative) when —1 < 
c < 0. Because this fact does not follow from (3.8) or (3.11)-(3.14), we will 
next show how it can also be proved by using sums of squares of real value 
functions. 

From formulas (53) and (52) in Burchnall and Chaundy it follows that 
if c is real valued and 0,-1, —2, . . . , then we have the expansion formulas 



oo 

,F,{c- z)\' = Y. ,,,,,, {x^ + y')'oFi(c + 2k- 2x) 

t^O {c)k{c)2k 



(3.15) 

and 
(3.16) 

°° f— IV 

oFi(c + 2k; 2x) = , \, , ^ ^, , {,F,{c + 2k + 2j; x))' 
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As in the Bcsscl function case, substitute (3.16) into (3.15) and change the 
order of summation to get 



oo 



(3.17) \oF,{c;z)f^Y: 



2 _ (-1)" 



-X 



^on\{c + n- l)n(c)2„ 

X 2Fi{-n,n + c~ 1; c;l + /x'^){oFi{c + 2n]x)f 

which, by applying the transformation formula (3.7), gives 



oo -1 



X 2Fi{-n, 1 - n ; c; 1 + xyy'){oFi{c + 2n; x)y. 

When c > and y the coefficient of (o-Fi(c+ 2n;x))^ in the series in 
(3.18) is obviously positive. Hence, since oFi{c; x) > when c > and x > 0, 

(3.18) gives another proof that oFi{c;z) has only real negative zeros when 
c> 0. 

To handle the case — 1 < c < differentiate equation (3.17) with respect 
to y and apply (3.7) to obtain 

(3.19) y^\coF,{c;z)f^2y'± AT Pl U 

dy ^0 n\ (c + l)2n(c + 1)2„+1 

X 2Fi{-n, -n; c + 1; 1 + xyy^){oFi{c + 2n + 2; x)f 

and 
(3.20) 



9' ,„ z..„..m2 (^+1) 



coF,{c;z)\' = 2 y: , — y 



In 



dy'^ ' ^Qn\{c+ 1)2„(C + l)2n+l" 

X 2Fi{-n,-n;c+l; 1 + xyy^){oFi{c + 2n + 2;x)f 

+ %2 y ic+'^)n+l y2n 

„=0 ^- (C + I)2n+2(C + l)2n+3 

X 2Fi{-n, -n- l;c + 2;l + a;V2/2)(oFi(c + 2n + 4;a;))2 
which, in particular, give the inequalities 
(3.21) 

y 



c(c + 1) oFi(c; z) ' > 2(c + l)(y ^F^{c + 2; x))\ c > -1, 



dy 
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and 



(3.22) 

— |c(c + 1) oFi(c; zt > 2(c + l)(oFi(c + 2; x)f, c > -1. 

Since the coefficients on the right hand sides of (3.19)-(3.22) are clearly 
positive when c > — 1 and y ^ 0, these formulas prove that the functions 
c(c + 1) 0-^1 (c; z) have only real zeros when c > —1, where it is understood 
that c(c + 1) 0-^1 (c; z) is to be replaced by its c — > limit case z o-Fi(2; z) 
when c = 0, and by its c —1 limit case z"^ o-Fi(3; z)/2 when c = — 1. 



4 Laguerre polynomials and iFi(a]C]z) func- 
tions 

When a > —1 the Laguerre polynomials 

(4.1) Kiz) = iFi(-n; a + 1; ^) 

satisfy the orthogonality relation 
(4.2) 

roo Y(n + a + 1) 

/ L'^{x)L^{x)x''e-'' dx = — ; -6nm, n,m = 0,1,2, 

JO nl 

from which it follows by a standard argument (cf. pO|, §3.3]) that the zeros 
of L'^{z) are real and positive. Analogous to the last part of the previous 
section, in this section we will derive some sums of squares expansions which, 
besides proving the reality of the zeros of these polynomials when a > — 1, 
also prove that they have only real zeros (not necessarily positive) when 
— 1 > a > —2, where L'^{z) is defined to be the a — > —k limit case of (4.1) 
when a is a negative integer —k. Thus L1{z) = a + l — z, which has a negative 
zero when a < -1, and Lf (2) = {{a + l)(a + 2) - 2{a + 2)z + z^)j2, which 
has non-real zeros when a < — 2. 
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Let a be real valued. Substituting the sum of squares of Laguerre poly- 
nomials expansion (from J^, (91)]) 

(A l\ X _ "v-' (n-A:-j)!(2fc + 2j + a)(2fc + a), 

x(-i)v^(^rf-r(x))' 

into the special case of (5.4)] 

(4-4) \L:{z)f = ^^±p^ ± \ ix' + yrLltfi2x) 

fc=0 \^ )k 

and changing the order of summation yields 

(4.5) |L^(z)r = E + ^^^^^^ (-1) 

n! ^ fc!a(a + l)„+fc 

X 2Fi(-A;, A; + a; a + 1; 1 + y^/x^) {L'^tf{x) " 
Then application of (3.7) gives 

(AP.\ I Tc.(^\\2 _ (a + l)n ^ (n - fe)! (2A: + a)(a)fc ^ 2fc 



X 



2Fi(-fc, 1 - fc; a + 1; 1 + x^/y^) (L^^f (x))' . 



Since -C/o(x) = 1 and the coefficients on the right hand side of (4.6) are 
clearly positive when a > —1 and y ^ 0, the expansion (4.6) proves that the 
Laguerre polynomials have only real zeros when a > — 1. This also follows, 
in particular, from the inequalities 



(4.7) 



mz)f > J^±^L^y^- ,F,{-n, 1 - n; a + 1; 1 + x'/y'), a > -1, 
n! n! [n + a)n 



and 
(4.8) 



|2 ^ lra^™M2 , (a + l)n „,2n 



\L'^{z)\' > |L;^(x)r + '\ y'\ a > -1, n > 1, 

n\ n\ [n + a)n 
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which are consequences of (4.6). 

Now differentiate equation (4.5) with respect to y and apply (3.7) to 
derive the expansions 

(4.9) .A|,;(,)|^^v'i: <"-*-,l!''^t":n'""""^ ^" 

dy n\k\{n + a + l)k+i 

X ,F,{-k, -k-a + 2-l + x^/y^) (L^iff (x))' , n > 1, 

and 
(4.10) 

9' I r...M2 _ o"^ M^ - - 1)! (2fc + g + 2)(a + 2), ^ 
Qy2\^n{^)\ -^Z. n! A:! (n + a + l),+i ^ 

X 2Fi(-A;, -A;; a + 2; 1 + xVy^) fef_f (x 



, (n - - 2)! (2fc + g + 4) (g + 3)fc+i ^fc 
^ fe=o n\k\{n + a + l)k+2 ^ 

X 2Fi(-A;, -A; - 1; a + 3; 1 + x^/y^) {I'^^tfX {x))\ n > 1, 
which yield, e.g., the inequalities 
(4.11) 

\Ll{z)\' > ^^l^^},, {yKtl{x))\ a > -2, n > 1, 
oy n[n + a + 1) ^ ^ 

and 
(4.12) 



^ l^;^(^)r>^^^^^te?(a^))', a>-2, n>l. 



Qy2 \-n\-)\ -- ^(^^j^^j^l-^ 

and prove (after letting a —>■ —2) that the polynomials L'^{z) have only real 
zeros when a > —2. 

For the confluent hypergeometric functions i-Fi(a; c; z) with a and c real 
valued and c 7^ 0, —1, —2, . . . , use of the expansion formulas |0, (42) and 
(43)] instead of (4.3) and (4.4) yields the nonterminating extension of (4.5) 



,2 ^ {a)k{c-a)k Ok 



(4.13) \iFiia;c;z)\' = Y. ■ ' , ' x' 

^0 kl {c)2k{c + k - l)k 

X 2Fi{-k,c + k - l;c;l + y^/x'^){iFi{a + k;c + 2k;x))'^ 
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and hence, by (3.7), 

(4.14) kF,(a;c;.)r = f: (-l)V^ 

kl {c)2k{c + k - l)k 

X 2Fi{-k, 1 - fc; c; 1 + xV?/^)(iFi(a + k;c + 2k; x))l 

Then differentiation of equation (4.13) with respect of y and apphcation of 
(3.7) gives the following extensions of (4.9) and (4.10) (and also of (3.19) and 
(3.20)), respectively, 

(4.15) 

oy fc! (c + 2)2fc(c + fc + l)fc 

X 2Fii-k, -k;c+ + x^/y^){iFi{a + A; + 1; c + 2A; + 2; x)f 

and 
(4.16) 

, 1A p ^X|2 _ o V (Q)fc+l(c-a)fc+l(c+ 1) .Nfc+l 2fc 

— |c(c+l),F,(a,c,z)| -2l.^,(^^2),,(c + fc + l),(-^) ^ 
X 2Fi{-k, -fc; c + 1; 1 + a;Vy^)(iFi(a + A; + 1; c + 2A; + 2; x))^ 

fc! (c + 2)2fc+2(c + A; + 3)fe 
X 2i^i(-A;, -A; - 1; c + 2; 1 + xV2/^)(ii^i(a + A; + 2; c + 2A; + 4; x)f. 

If a = —n is a negative integer and c = a + 1, then (4.13)-(4.16) reduce 
to (4.5), (4.6), (4.9), (4.10), respectively. If a = c + with n a nonnegative 
integer, then (4.15) and (4.16) reduce to terminating sums of squares expan- 
sions with nonnegative coefficients which prove that c(c + 1) i-Fi(c + n; c; z), 
as a function of z, has only real zeros when c > — 1, where this function is 
to be replaced by its c — and c — > — 1 limit cases when c = and c = — 1, 
respectively. It should be noted that, in view of Kummer's transformation 
formula [§, 6.3(7)] 

(4.17) 1-^1 (a; c; x) = i-Fi(c — a; c; —x), 

these results on the zeros of c(c + 1) i-Fi(c + n; c; z) are equivalent to those 
obtained above for the Laguerre polynomials. 
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5 Jacobi polynomials 

When a > —1 and f3 > —1 the Jacobi polynomials 
(5.1) 

Pi^^''\z) = l^lik 2Fi(-n, n + a + P + l;a + l;{l- z)/2) 
nl 



satisfy the orthogonality relation 

r-l 

-1 



(5.2) / Pj^''^'^\x)Pj^'^\x){l-x)''{l+x f dx = 0, nj^m, 



for n,m = 0,1,2, ... , and hence, by |2y, Theorem 3.3.1], these polynomials 



have only real zeros. In our derivation of sums of squares expansions which 
imply the reality of the zeros of these polynomials we will start out by deriving 
sums of squares expansions for nonterminating 2Fi{a, b; c; z) hypergeometric 
series with |z| < 1 (for convergence). 

Let a, b, c be real valued, c 7^ 0, — 1, —2, . . . , and \z\ < 1. Then formula 
(51)] gives the expansion 

°° 'o)k{b)k{c- a)k{c-b)k ,^2 , 2\k 



(5.3) \2F,{a, b; c; .)p = ^ ^ , + ^ 

t^O k\ (c)fc(c)2fc 

X 2Fi{a + k,h + k;c + 2k; 2x - x^ - 



Unfortunately, application of the inversion (50)] of ||, (51)] to each of the 
2-Fi(a + k,b + k;c + 2k; 2x — x^ — y'^) functions on the right side of equation 

(5.3) just returns one back to the function that is on the left side. Therefore, 
we use formulas (44), (45), (50) in to obtain, respectively, the expansions 

(5.4) 2Fi{a + k,b + k;c + 2k;2x - x^ -y'^) 
J^o 3^.{c + 2k)j 



(5.5) 



a + k + j)m{b + k + j)m 2m 



X 2F1 {a + k + i + m,b + k + i + m; c + 2k + i + m;2x — X 
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(5.6) 2Fi{a + k + j + m, b + k + j + m; c + 2k + j + m; 2x — x'^) 
_ {a + k + j + m)n{h + k + j + m)n{c - a + k)n{c -h + k)n , 2n 

X (2-^1(0 + k + j + m + n,h + k + j + m + ri] c + 2k + j + m + 2n; x))'^, 

and then substitute these expansions in turn into (5.3), change the order of 
summation and use the binomial theorem to obtain 



(5.7) 

\.F,{a,b-C-z)\^ = W-(^U^-»0.(c-&), ^_^^^^2Jy2m-2J 

^0 j! (^ - j)! ic)„,+j{m + c- l)j 
X 2-^i(-J, m + c - 1; c; 1 + y^/a;^)(2-Fi(m + a,m + b;m + j + c; x))^. 

Apphcation of (3.7) to the first 2-^1 series on the right side of (5.7) gives 

X 2Fi{-j, 1 - m; c; 1 + x^/y^){2Fi{m + a,m + b;m + j + c;x)y, 

which contains (4.14) as a hmit case. When a — —n is a negative integer, 
b — n + a + P + 1 and c = a + 1, it follows from (5.8) that 



(5.9) 



P^^)(l-2^)'' 



(« + l) 



^ " " (-n)^(n + a + (3 + l)^(n + a + l),{-n - (3), ^.m+,2m 
i!(m-i)!(a + l)^+,(m + a),- ^ ' 

X2-^i(-J, 1-m; a+1; l+x^/?/^)(2-Fi(m-n, m+n+Q;+/?+l;m+j+Q;+l;x))^, 

which gives a sums of squares proof that the Jacobi polynomials P^'^\z) 
have only real zeros when a,f3 > —1 (since the coefficients in (5.9) are then 
clearly positive) and hence, by continuity, when a, (3 > —1. The restriction 
that a,(3 > —1 cannot be extended to a,(3 > —2 because P2''^''\z) has 
non-real zeros when a, (3 > —2 and a + (3 < —3. 

As in sections 3 and 4 one may repeatedly differentiate (5.7) with respect 
to y and apply (3.7) to obtain extensions of (4.15), (4.16), etc. But, since the 
resulting identities are quite lengthly and do not add any additional (a,/3) 
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for which the Jacobi polynomials have only real zeros, we will omit them and 
only point out that the first two differentiations give identities that yield, in 
particular, the inequalities 



(5.10) 




d 



2n{n + a + P+ l)„(a + 1) 




and 



(5.11) 



2n(2n - l){n + a + (3 + 1)„(q; + 1) 




when n > 1 and a, /? > —1. 

In subsequent papers it will be shown that squares of real valued functions 
can also be used to prove the reahty of the zeros of some non-classical famihes 
of orthogonal polynomials, of the cosine transforms 



and of some other entire functions. 
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